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CLASSIFICATION OF LATTICE POLYTOPES WITH
SMALL VOLUMES
TAKAYUKI HIBI AND AKIYOSHI TSUCHIYA
Abstract. In the frame of a classification of general square systems of
polynomial equations solvable by radicals, Esterov and Gusev succeeded
in classifying all spanning lattice polytopes whose normalized volumes
are at most 4. In the present paper, we complete to classify all lattice
polytopes whose normalized volumes are at most 4 based on the known
classification of their δ-polynomials.
1. Introduction
One of the most important, however, unreachable goals of the study on
lattice polytopes is to classify all of the lattice polytopes, up to unimodular
equivalence. In lower dimension, the following classes of lattice polytopes
are classified:
• 3-dimensional lattice polytopes with at most 11 lattice points [8, 9,
10];
• 3-dimensional lattice polytopes with one interior lattice point [21];
• 3-dimensional lattice polytopes with two interior lattice points [1].
On the other hand, for arbitrary dimension, in each of the following classes
of lattice polytopes, a complete classification is known:
• Centrally symmetric smooth Fano polytopes [26];
• Pseudo-symmetric smooth Fano polytopes [13, 26];
• Lattice polytopes with δ-binomials [3, 4, 6];
• Lattice polytopes with palindromic δ-trinomials [5, 19].
It is fashionable among the study on lattice polytopes to classify the lattice
polytopes with a given δ-polynomial. In the present paper, we will classify
all lattice polytopes of arbitrary dimension whose normalized volumes are at
most 4 based on the known classification of their δ-polynomials [16, 17]. In
the frame of a classification of general square systems of polynomial equa-
tions solvable by radicals, Esterov and Gusev [12] succeeded in classifying
all lattice polytopes P ⊂ Rd whose normalized volumes are at most 4 for
which Z((P, 1)∩Zd+1) = Zd+1. (Here Z((P, 1)∩Zd+1) = {z1x1+ · · ·+znxn :
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z1, . . . , zn ∈ Z} for (P, 1)∩Z
d+1 = {x1, . . . ,xn} ⊂ Z
d+1.) However, the con-
dition Z((P, 1)∩Zd+1) = Zd+1 is rather strong for achieving a classification
of lattice polytopes. For example, no empty simplex satisfies the property
and, in addition, there exists a lattice non-simplex whose normalized vol-
ume is 4 and that lacks the property. Combining our work with a result
of Esterov and Gusev [12] will establish a complete classification of lattice
polytopes whose normalized volumes are at most 4 with their δ-polynomials.
1.1. Possible δ-polynomials. We recall a complete characterization of the
δ-polynomials of lattice polytopes whose normalized volumes are at most 4.
Let us recall from [7] and [14, Part II] what the δ-polynomial of a lattice
polytope is. A lattice polytope is a convex polytope all of whose vertices have
integer coordinates. Let P ⊂ Rd be a lattice polytope of dimension d and
define δ(P, t) by the formula
δ(P, t) = (1 − t)d+1
[
1 +
∞∑
n=1
|nP ∩ Zd|tn
]
,
where nP = {na : a ∈ P}, the dilated polytopes of P. Then it is known that
δ(P, t) is a polynomial in t of degree at most d. We say that the polynomial
δ(P, t) = δ0 + δ1t+ · · · + δdt
d is the δ-polynomial (or the h∗-polynomial) of
P and the sequence δ(P) = (δ0, δ1, . . . , δd) is the δ-vector (or the h
∗-vector)
of P. The following properties of δ(P) are known:
• δ0 = 1, δ1 = |P ∩ Z
d| − (d+ 1) and δd = |int(P) ∩ Z
d|, where int(P)
is the interior of P. Hence one has δ1 ≥ δd;
• δi ≥ 0 for each i [23];
• When δd 6= 0, one has δi ≥ δ1 for 1 ≤ i ≤ d− 1 [15];
•
∑d
i=0 δi/d! coincides with the usual volume of P [24, Proposition
4.6.30]. In general, the positive integer
∑d
i=0 δi is said to be the
normalized volume of P, denoted by Vol(P).
In [16, Theorem 5.1] and [17, Theorem 0.1], the possible δ-polynomials
with δ0 + · · ·+ δd ≤ 4 are completely classified.
Theorem 1.1 ([16, 17]). Let 2 ≤ V ≤ 4 be a positive integer and 1 + ti1 +
· · · + tiV−1 a polynomial with 1 ≤ i1 ≤ · · · ≤ iV−1 ≤ d. Then there exists a
lattice polytope of dimension d whose δ-polynomial equals 1+ ti1+ · · ·+ tiV−1
if and only if one of the following is satisfied:
(1) V = 2 and i1 ≤ ⌊(d + 1)/2⌋;
(2) V = 3, 2i1 ≥ i2 and i1 + i2 ≤ d+ 1;
(3) V = 4, i3 ≤ i1 + i2, i1 + i3 ≤ d + 1 and i2 ≤ ⌊(d + 1)/2⌋, and the
additional condition
2i2 ≤ i1 + i3 or i2 + i3 ≤ d+ 1.
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We remark that when δ0 + · · · + δd ≤ 4, all the possible δ-polynomials
can be obtained by lattice simplices. However, when δ0 + · · ·+ δd = 5, this
is not true [16, Remark 5.3]. Most recently, the possible δ-polynomials with
δ0 + · · ·+ δd = 5 are completely classified [18, 25].
1.2. Main results. Recall that a matrix A ∈ Zd×d is unimodular if det(A) =
±1. Given lattice polytopes P andQ in Rd of dimension d, we say that P and
Q are unimodularly equivalent if there exist a unimodular matrix U ∈ Zd×d
and a lattice point w, such that Q = fU(P) + w, where fU is the linear
transformation in Rd defined by U , i.e., fU (v) = vU for all v ∈ R
d.
For a lattice polytope P ⊂ Rd of dimension d, the lattice pyramid over P
is defined by conv(P × {0} , (0, . . . , 0, 1)) ⊂ Rd+1. Let Pyr(P) denote this
polytope. We often use the term lattice pyramid for a lattice polytope that
has been obtained by successively taking lattice pyramids. Note that the
δ-polynomial does not change under lattice pyramids [2]. Therefore, it is
essential that we classify lattice polytopes which are not lattice pyramids
over any lower-dimensional lattice polytope.
A lattice polytope P ⊂ Rd for which Z((P, 1) ∩ Zd+1) = Zd+1 is called
spanning. From the work of Hofscheier, Kattha¨n and Nill it follows that
there are only finitely many lattice spanning polytopes P ⊂ Rd of given
normalized volume (and arbitrary dimension) up to unimodular equivalence
and lattice pyramid constructions [20, Corollary 2.4]. In particular, Esterov
and Gusev [12] gave only finitely many lattice spanning polytopes whose
normalized volumes are at most 4 for their classification result. However,
it is hard to classify lattice non-spanning polytopes. In fact, there exist
infinitely many lattice non-spanning polytopes of given normalized volume
even up to unimodular equivalence and lattice pyramid constructions.
In the present paper, we will complete to classify, up to unimodular equiv-
alence and lattice pyramid constructions, the lattice polytopes whose nor-
malized volumes are at most 4. The complete classification of the lattice
polytopes whose normalized volumes are at most 4 up to unimodular equiv-
alence consists of these polytopes and lattice pyramids over them. Note
that every lattice simplex of dimension d with Vol(P) = 1 is unimodularly
equivalent to the standard simplex of dimension d. And the normalized vol-
ume of a lattice non-spanning non-simplex is at least 4. In order to classify
all lattice polytopes whose normalized volumes are at most 4, we should
consider the following three cases:
(1) Lattice simplices ∆ ⊂ Rd with Vol(∆) ≤ 4;
(2) Lattice spanning non-simplices P ⊂ Rd with Vol(P) ≤ 4;
(3) Lattice non-spanning non-simplices P ⊂ Rd with Vol(P) = 4.
The complete classification of the case (2) can be obtained from [12]. There-
fore, we will show the cases (1) and (3).
Let 0 denote the origin of Rd and let e1, . . . , ed denote the canonical unit
coordinate vectors of Rd. First, the complete classification of the lattice
simplices ∆ ⊂ Rd with Vol(∆) ≤ 4 can be obtained from the following:
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Theorem 1.2. Let ∆ ⊂ Rd be a lattice simplex of dimension d whose δ-
polynomial equals 1+ti1+· · ·+tiV−1 with 2 ≤ V ≤ 4 and 1 ≤ i1 ≤ · · · ≤ iV−1.
Assume that ∆ is not a lattice pyramid. Then there exist, up to unimodular
equivalence, exactly the following 5 possibilities for ∆:
(1) V = 2 : ∆(2);
(2) V = 3 : ∆(3);
(3) V = 4 : ∆
(4)
i , 1 ≤ i ≤ 3.
The conditions and vertices of ∆ are presented in TABLE 1.
conditions vertices
∆(2) 2i1 = d+ 1 0, e1, . . . , ed−1, e1 + · · ·+ ed−1 + 2ed
∆(3) 2i1 ≥ i2
0, e1, . . . , ed−1,
i1 + i2 = d+ 1, 2
−i1+2i2−1∑
i=1,i 6=d
ei +
d−1∑
i=−i1+2i2
ei + 3ed
∆
(4)
1
i1 < i2 < i3, 0, e1, . . . , ed−1,
i3 ≤ i1 + i2,
2i1−i2∑
i=1
ei + 3
d−1∑
i=2i1−i2+1
ei + 4ed
2i2 = i1 + i3 = d+ 1
∆
(4)
2
i3 ≤ i1 + i2,
0, e1, . . . , ed−1,
i2 + i3 = d+ 1 2
d−2i1+1∑
i=1
ei +
−i1+2i2∑
i=d−2i1+2,i 6=d
ei + 3
d−1∑
i=−i1+2i2+1
ei + 4ed
∆
(4)
3
i3 ≤ i1 + i2,
0, e1, . . . , ed−2,
i1 + i2 + i3 = d+ 1
d−2∑
i=−i1+i2+i3
ei + 2ed−1,
−i1+i2+i3−1∑
i=1
ei +
d−2∑
i=2i3−1
ei + 2ed
Table 1. The lattice simplices ∆ ⊂ Rd with Vol(∆) ≤ 4 in
Theorem 1.2.
Second, the complete classification of the lattice spanning non-simplices
P ⊂ Rd with Vol(P) ≤ 4 can be obtained from the following:
Theorem 1.3 ([12]). Let 2 ≤ V ≤ 4 be a positive integer and P ⊂ Rd
a lattice spanning non-simplex with Vol(P) = V . Assume that P is not a
lattice pyramid. Then there exist up to unimodular equivalence exactly the
following 24 possibilities for P:
(1) δ(P, t) = 1 + t : P(2);
(2) δ(P, t) = 1 + 2t : P
(3)
i , 1 ≤ i ≤ 2;
(3) δ(P, t) = 1 + t+ t2 : Q
(3)
i , 1 ≤ i ≤ 2;
(4) δ(P, t) = 1 + 3t : P
(4)
i , 1 ≤ i ≤ 4;
(5) δ(P, t) = 1 + 2t+ t2 : Q
(4)
i , 1 ≤ i ≤ 9;
(6) δ(P, t) = 1 + t+ 2t2 : R
(4)
i , 1 ≤ i ≤ 2;
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(7) δ(P, t) = 1 + t+ t2 + t3 : S
(4)
i , 1 ≤ i ≤ 4;
The dimension, vertices, and the f -vector of P are presented in TABLE 2.
d vertices f -vector
P(2) 2 0, e1, e2, e1 + e2 (1, 4, 4)
P
(3)
1 2 0, 2e1, e2, e1 + e2 (1, 4, 4)
P
(3)
2 3 0, e1, e2, e3, e1 + e3, e2 + e3 (1, 6, 9, 5)
Q
(3)
1 3 0, e1, e2, e3, e1 + e2 − 2e3 (1, 5, 9, 6)
Q
(3)
2 4 0, e1, e2, e3, e4,−e1 − e2 + e3 + e4 (1, 6, 15, 18, 9)
P
(4)
1 2 0, 2e1, e2, 2e1 + e2 (1, 4, 4)
P
(4)
2 2 0, 3e1, e1 + e2, 2e1 + e2 (1, 4, 4)
P
(4)
3 3 0, e1, e2, e1 + e3, e2 + e3, 2e3 (1, 6, 9, 5)
P
(4)
4 4 0, e1, e2, e3, e4, e1 + e2, e1 + e3, e1 + e4 (1, 8, 16, 14, 6)
Q
(4)
1 2 e1,−e2, e1 − e2,−e1 + e2 (1, 4, 4)
Q
(4)
2 2 e1, e2,−e1,−e2 (1, 4, 4)
Q
(4)
3 3 e1, e2, e3, e1 + e2,−e3 (1, 5, 9, 6)
Q
(4)
4 3 0, e1, e2, e1 + e2, 2e3 (1, 5, 8, 5)
Q
(4)
5 3 0, e1, e2, e3, e1 + e2, e1 + e2 + e3 (1, 6, 11, 7)
Q
(4)
6 3 0, e1, e2, e3, e1 + e2, e1 + e2 − e3 (1, 6, 12, 8)
Q
(4)
7 4 0, 2e1, e4, e2 + e4, e3 + e4, e2 + e3 + e4 (1, 6, 13, 13, 6)
Q
(4)
8 4 0, e1, e2, e1 + e2, e3, e4, e3 + e4 (1, 7, 17, 18, 8)
Q
(4)
9 5 0, e1, e2, e1 + e2, e5, e3 + e5, e4 + e5, e3 + e4 + e5 (1, 8, 24, 34, 24, 8)
R
(4)
1 3 0, e1, e2, e3, e1 + e2 − 3e3 (1, 5, 9, 6)
R
(4)
2 4 0, e1, e2, e3, e4,−2e1 − e2 + e3 + e4 (1, 6, 15, 18, 9)
S
(4)
1 4 0, e1, e2, e3, e4,−e1 − e2 − e3 + e4 (1, 6, 14, 16, 8)
S
(4)
2 4 0, e1, e2, e3, e4,−e1 − e2 − e3 + 2e4 (1, 6, 14, 16, 8)
S
(4)
3 5 0, e1, e2, e3, e4, e5,−2e1 − e2 + e3 + e4 + e5 (1, 7, 21, 34, 30, 12)
S
(4)
4 6 0, e1, e2, e3, e4, e5, e6,−e1 − e2 − e3 + e4 + e5 + e6 (1, 8, 28, 56, 68, 48, 16)
Table 2. The lattice spanning non-simplices P with
Vol(P) ≤ 4 in Theorem 1.3.
Finally, the complete classification of the lattice non-spanning non-simplices
P ⊂ Rd with Vol(P) = 4 can be obtained from the following:
Theorem 1.4. Let P ⊂ Rd be a lattice non-spanning non-simplex with
Vol(P) = 4. Assume that P is not a lattice pyramid. Then there exist, up
to unimodular equivalence, exactly the following 4 possibilities for P:
(1) δ(P, t) = 1 + t+ tk + tk+1 with k ≥ 2 : A
(4)
i , 1 ≤ i ≤ 3;
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(2) δ(P, t) = 1 + t+ 2tk with k ≥ 2 : B(4).
The dimension and vertices of P are presented in TABLE 3. In particular,
P is (non-unimodularly) equivalent to a pyramid over a square.
d vertices
A
(4)
1 2k 0, e1, . . . , ed−1,
∑d−1
j=2 ej + 2ed,−e1 + e2
A
(4)
2 2k + 1 0, e1, . . . , ed−1,
∑d−1
j=3 ej + 2ed, e1 + e2
A
(4)
3 2k + 2 0, e1, . . . , ed−1,
∑d−1
j=4 ej + 2ed, e1 + e2 − e3
B(4) 2k 0, e1, . . . , ed−1,
∑d−1
j=2 ej + 2ed, e1 − e2
Table 3. The lattice non-spanning non-simplices P with
Vol(P) = 4 in Theorem 1.4, where k ≥ 2.
The present paper is organized as follows: First, in Section 2, we introduce
basic materials on lattice polytopes and summarize lemmata which will be
indispensable in what follows. We then, in Section 3, prove Theorem 1.2.
Finally, in Section 4, we prove Theorem 1.4.
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and, in addition, for informing them about the paper [12]. The authors
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2. Basic materials on lattice polytopes
In this section, we recall basic materials on lattice polytopes and we pre-
pare essential lemmata in this paper. First, we introduce the associated
finite abelian groups of lattice simplices. For a lattice simplex ∆ ⊂ Rd of
dimension d whose vertices are v0, . . . ,vd ∈ Z
d, set
Λ∆ =
{
(λ0, . . . , λd) ∈ (R/Z)
d+1 :
d∑
i=0
λi(vi, 1) ∈ Z
d+1
}
.
The collection Λ∆ forms a finite abelian group with addition defined as fol-
lows: For (λ0, . . . , λd) ∈ (R/Z)
d+1 and (λ′0, . . . , λ
′
d) ∈ (R/Z)
d+1, (λ0, . . . , λd)+
(λ′0, . . . , λ
′
d) = (λ0 + λ
′
0, . . . , λd + λ
′
d) ∈ (R/Z)
d+1. We denote the unit of
Λ∆ by 0, and the inverse of λ by −λ, and also denote λ+ · · ·+ λ︸ ︷︷ ︸
j
by jλ
for an integer j > 0 and λ ∈ Λ∆. For λ = (λ0, . . . , λd) ∈ Λ∆, where
each λi is taken with 0 ≤ λi < 1, we set ht(λ) =
∑d
i=0 λi ∈ Z, and
ord(λ) = min{ℓ ∈ Z>0 : ℓλ = 0}.
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In [4], it is shown that there is a bijection between unimodular equiv-
alence classes of d-dimensional lattice simplices with a chosen ordering of
their vertices and finite abelian subgroups of (R/Z)d+1 such that the sum of
all entries of each element is an integer. In particular, two lattice simplices
∆ and ∆′ are unimodularly equivalent if and only if there exist orderings
of their vertices such that Λ∆ = Λ∆′ . Moreover, we can characterize lat-
tice pyramids in terms of the associated finite abelian groups by using the
following lemma.
Lemma 2.1 ([22, Lemma 12]). Let ∆ ⊂ Rd be a lattice simplex of dimension
d. Then ∆ is a lattice pyramid if and only if there is i ∈ {0, . . . , d} such
that λi = 0 for all (λ0, . . . , λd) ∈ Λ∆.
It is well known that the δ-polynomial of the lattice simplex ∆ can be
computed as follows:
Lemma 2.2 ([6, Proposition 2.6]). Let ∆ be a lattice simplex of dimension
d whose δ-polynomial equals δ0 + δ1t+ · · ·+ δdt
d. Then for each i, we have
δi = |{λ ∈ Λ∆ : ht(λ) = i}|. In particular, one has Vol(∆) = |Λ∆|.
Let P ⊂ Rd be a lattice polytope of dimension d. Given integers n =
1, 2, . . . , we define the function LP(n) as follows:
LP(n) :=
∣∣∣nP ∩ Zd∣∣∣ .
Then it is known that LP(n) is a polynomial in n of degree d with LP(0) =
1 (see [11]). We call LP(n) the Ehrhart polynomial of P. The Ehrhart
polynomial LP(n) can be computed by using the δ-vector of P.
Lemma 2.3. Let P ⊂ Rd be a lattice polytope of dimension d and (δ0, . . . , δd)
the δ-vector of P. Then one has
LP(n) =
d∑
i=0
δi
(
n+ d− i
d
)
.
Finally, we recall a useful technique to compute Ehrhart polynomials.
Lemma 2.4. Let P ⊂ Rd be a lattice non-simplex. Assume that P has a
lattice triangulation which consists of two maximal simplices ∆1 and ∆2.
Then one has LP(n) = L∆1(n) + L∆2(n)− L∆1∩∆2(n).
3. Proof of Theorem 1.2
In this section, we classify the lattice simplices ∆ ⊂ Rd of dimension d with
Vol(∆) ≤ 4 up to unimodular equivalence and lattice pyramid constructions.
Namely, we prove Theorem 1.2. In order to do this job, we consider the
following three cases:
(1) Vol(∆) = 2 (Subsection 3.1);
(2) Vol(∆) = 3 (Subsection 3.2);
(3) Vol(∆) = 4 (Subsection 3.3).
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3.1. The case Vol(∆) = 2. In this subsection, we consider the case where
Vol(∆) = 2. It follows from Theorem 1.1 (1) that i1 ≤ ⌊(d + 1)/2⌋. Since
|Λ∆| = 2, for any λ ∈ Λ∆ \ {0}, ord(λ) = 2. Hence since ∆ is not a lattice
pyramid, by using Lemma 2.1, it follows that Λ∆ is generated by one element
(1/2, . . . , 1/2) and d + 1 is an even number. By using Lemma 2.2, one has
2i1 = d + 1. Moreover it is easy to see that Λ∆(2) = Λ∆ with any ordering
of the vertices of ∆(2). Hence this completes the proof of the case where
Vol(∆) = 2.
3.2. The case Vol(∆) = 3. In this subsection, we consider the case where
Vol(∆) = 3. It follows from Theorem 1.1 (2) that 2i1 ≥ i2 and i1 + i2 =
(d + 1)/2. For nonnegative integers a and b, we let Λ(a, b) be the finite
abelian subgroups of (R/Z)a+b defined as follows:
Λ(a, b) =
〈13 , . . . , 13︸ ︷︷ ︸
a
,
2
3
, . . . ,
2
3︸ ︷︷ ︸
b


〉
.
Since Vol(∆) = |Λ∆| = 3, for any λ ∈ Λ∆ \ {0}, ord(λ) = 3. Hence since ∆
is not a lattice pyramid, by Lemma 2.1, there exist nonnegative integers a, b
with a+b = d+1 such that Λ∆ = Λ(a, b) with some ordering of the vertices of
∆. Since Λ(a, b) coincides with Λ(b, a) by reordering of the coordinates, we
can assume that a ≥ b. Then by using Lemma 2.2, one has i1 = (a+ 2b)/3
and i2 = (2a + b)/3. Hence we obtain a = −i1 + 2i2, b = 2i1 − i2 and
d+1 = a+ b = i1 + i2. Moreover, it is easy to see that Λ∆(3) = Λ(a, b) with
some ordering of the vertices of ∆(3). Hence this completes the proof of the
case where Vol(∆) = 3.
3.3. The case Vol(∆) = 4. In this subsection, we consider the case where
Vol(∆) = 4. For nonnegative integers a, b, c, we let Λ1(a, b, c) and Λ2(a, b, c)
be the finite abelian subgroups of (R/Z)a+b+c defined as follows:
Λ1(a, b, c) =
〈14 , . . . , 14︸ ︷︷ ︸
a
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
b
,
3
4
, . . . ,
3
4︸ ︷︷ ︸
c


〉
;
Λ2(a, b, c) =
〈12 , . . . , 12︸ ︷︷ ︸
a
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
b
, 0, . . . , 0︸ ︷︷ ︸
c

 ,

0, . . . , 0︸ ︷︷ ︸
a
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
b
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
c


〉
.
Since Vol(∆) = |Λ∆| = 4, for any λ ∈ Λ∆ \ {0}, ord(λ) ∈ {2, 4}. Hence
since ∆ is not a lattice pyramid, by Lemma 2.1, there exist nonnegative
integers a, b, c with d+1 = a+ b+ c such that Λ∆ coincides with Λ1(a, b, c)
or Λ2(a, b, c) with some ordering of the vertices of ∆.
First, suppose that Λ∆ = Λ1(a, b, c) with some ordering of the vertices
of ∆. Then since Λ1(a, b, c) coincides with Λ1(c, b, a) by reordering of the
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coordinates, we may assume that a ≥ c. Moreover, by using Lemma 2.2, one
has {i1, i2, i3} = {(a+2b+3c)/4, (a+c)/2, (3a+2b+c)/4}. Set (h1, h2, h3) =
((a+2b+3c)/4, (a+ c)/2, (3a+2b+ c)/4). Then we obtain a = −h1+h2+
h3, b = h1 − 2h2 + h3 and c = h1 + h2 − h3. Since a ≥ c, (h1, h3) is (i1, i2),
(i1, i3) or (i2, i3). Hence it follows from a, b, c ≥ 0 that one of the following
conditions is satisfied:
(1) i1 + i3 ≥ 2i2 and d + 1 = i1 + i3, and Λ∆ = Λ1(−i1 + i2 + i3, i1 −
2i2 + i3, i1 + i2 − i3);
(2) i2 + i3 ≥ 2i1 and d + 1 = i2 + i3, and Λ∆ = Λ1(i1 − i2 + i3,−2i1 +
i2 + i3, i1 + i2 − i3);
(3) i1 + i2 ≥ 2i3 and d + 1 = i1 + i2, and Λ∆ = Λ1(−i1 + i2 + i3, i1 +
i2 − 2i3, i1 − i2 + i3);
If i1 = i2 or i2 = i3, then the condition (1) is equivalent to one of the
conditions (2) and (3). Since i1 + i2 ≥ 2i3 implies that i1 = i2 = i3, if
the condition (3) is satisfied, then condition (2) is satisfied. Moreover, it
always follows that i2 + i3 ≥ 2i1. Hence we know that one of the following
conditions is satisfied:
(1’) i1 < i2 < i3, i1 + i3 ≥ 2i2 and d + 1 = i1 + i3, and Λ∆ = Λ1(−i1 +
i2 + i3, i1 − 2i2 + i3, i1 + i2 − i3);
(2’) d+1 = i2 + i3 and Λ∆ = Λ1(i1 − i2 + i3,−2i1 + i2 + i3, i1 + i2 − i3).
Now, we assume that the condition (1’) is satisfied. Then the conditions
i1 + i3 ≤ 2i2, i2 ≤ ⌊(d+ 1)/2⌋ and i1 + i3 = d+ 1 imply
2i2 = i1 + i3 = d+ 1.
This condition and the conditions i1 < i2 < i3 and i3 ≤ i1 + i2 satisfy
the condition of Theorem 1.1 (3). Moreover, then, it is easy to see that
Λ
∆
(4)
1
= Λ1(a, b, c) with some ordering of the vertices of ∆
(4)
1 . On the other
hand, we assume that the condition (2’) is satisfied. Then the conditions
i3 ≤ i1 + i2 and i2 + i3 = d + 1 satisfy the condition of Theorem 1.1 (3).
Moreover, then, it is easy to see that Λ
∆
(4)
2
= Λ1(a, b, c) with some ordering
of the vertices of ∆
(4)
2 .
Next, we suppose that Λ∆ = Λ2(a, b, c) with some ordering of the vertices
of ∆. It follows that Λ2(a, b, c) coincides with Λ2(b, a, c) (resp. Λ2(c, b, a)) by
reordering of the coordinates. Hence we may assume that a ≥ b ≥ c. Then
by using Lemma 2.2, one has (i1, i2, i3) = ((b + c)/2, (a + c)/2, (a + b)/2).
Therefore, we obtain d + 1 = i1 + i2 + i3 and Λ∆ = Λ2(−i1 + i2 + i3, i1 −
i2 + i3, i1 + i2 − i3). The conditions i3 ≤ i1 + i2 and i1 + i2 + i3 = d + 1
satisfy the condition of Theorem 1.1 (3). Moreover, it is easy to see that
Λ
∆
(4)
3
= Λ2(a, b, c) with some ordering of the vertices of ∆
(4)
3 . Hence this
completes the proof of the case where Vol(∆) = 4.
Therefore, Theorem 1.2 follows.
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4. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. First, we show the following.
Lemma 4.1. One has δ(A
(4)
i , t) = 1 + t + t
k + tk+1 for 1 ≤ i ≤ 3 and
δ(B(4), t) = 1 + t+ 2tk.
Proof. We show that δ(B(4), t) = 1+t+2tk. Let ∆1 = conv(0, e1, . . . , ed−1, e2+
· · ·+ed−1+2ed) and ∆2 = conv(e1, . . . , ed−1, e2+ · · ·+ed−1+2ed, e1+e2).
Then B(4) has a lattice triangulation which consists of two maximal simplices
∆1 and ∆2. Indeed, the hyperplane
H = {(x1, . . . , xd) ∈ R
d : 2(x1 + · · ·+ xd−1)− (2k − 1)xd = 2}
divides B(4) into ∆1 and ∆2. Moreover, one has δ(∆1, t) = δ(∆2, t) = 1+ t
k
and δ(∆1 ∩∆2, t) = 1. Hence by using Lemmas 2.3 and 2.4, we obtain
LB(4)(n) =
(
n+ d
d
)
+ 2
(
n+ d− k
d
)
+
((
n+ d
d
)
−
(
n+ d− 1
d− 1
))
=
(
n+ d
d
)
+ 2
(
n+ d− k
d
)
+
(
n+ d− 1
d
)
.
Therefore, one has δ(B(4), t) = 1+t+2tk. The remaining cases can be shown
by the same way.

Let P ⊂ Rd be a lattice non-spanning non-simplex of dimension d with
Vol(P) = 4. Assume that P is not a lattice pyramid. Finally, we show that
P is unimodularly equivalent to one of the lattice polytopes in Theorem
1.4. We consider the affine lattice LP generated by P ∩ Z
d. Let P˜ ⊂ Rd
be the lattice spanning polytope given by the vertices of P with respect to
the lattice LP . Since P is not a simplex and is not spanning, the normal-
ized volume of P˜ is equal to 2. Hence by Theorem 1.3, P˜ is unimodularly
equivalent to a lattice pyramid of a unit square. In particular, four vertices
v˜1, . . . , v˜4 of P˜ satisfy the relation v˜1 + v˜2 = v˜3 + v˜4. Therefore, P can be
determined as P = conv(S ∪ {u}), for an empty simplex S of normalized
volume 2, and a lattice point u = (u1, . . . , ud) satisfying u = v1 + v2 − v3,
for some vi chosen among the vertices of S. By Theorem 1.2, we can assume
that
S = conv(0, e1, . . . , ed−1, ea+1 + · · ·+ ed−1 + 2ed)
for some integer a ≥ 0. If a ≥ 4, then for some 1 ≤ i ≤ a, ui = 0. This
implies that P is a lattice pyramid. Hence one has a ≤ 3.
4.1. The case a = 3. If d is odd, then S is unimodularly equivalent to
conv(0, e1, . . . , ed−1, ea+2 + · · ·+ ed−1 + 2ed).
Hence we can assume that d is even. Since P is not a lattice pyramid, we
obtain {v1,v2,v3} = {e1, e2, e3}. Therefore, we may suppose that u =
(1, 1,−1, 0, . . . , 0). Thus P = A
(4)
3 .
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4.2. The case a = 2. Similarly, we can assume that d is odd. Moreover,
since P is not a lattice pyramid, we obtain {v1,v2,v3} ⊃ {e1, e2}. Hence
we may suppose that u = e1+ e2− v or e1 − e2+ v, where v ∈ {0, e3, e3 +
· · ·+ ed−1 + 2ed}. For any case, P is unimodularly equivalent to A
(4)
2 .
4.3. The case a = 1. Similarly, we can assume that d is even. Moreover,
since P is not a lattice pyramid, we obtain e1 ∈ {v1,v2,v3}. Hence we
may suppose that u = e1 + u1 − u2 or −e1 + u1 + u2, where u1,u2 ∈
{0, e2, e3, e2+ · · ·+ed−1+2ed}. When u = e1+u1−u2, P is unimodularly
equivalent to B(4). When u = −e1 + u1 + u2, P is unimodularly equivalent
to A
(4)
1 .
4.4. The case a = 0. Similarly, we can assume that d is odd. Moreover,
we may suppose that e1 ∈ {v1,v2,v3}. When v1 = e1, we should consider
(v2,v3) = (e2, e3) or {v2,v3} ⊂ {0, e1, e1+ · · ·+ed−1+2ed}. For each case,
P is unimodularly equivalent to A
(4)
2 . When v3 = e1, we should consider
only the case (v1,v2) = (0, e1 + · · · + ed−1 + 2ed). In this case, P is also
unimodularly equivalent to A
(4)
2 .
Therefore, we complete the proof of Theorem 1.4.
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